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1. Introduction

Experim entally one o ften  encounters non- 
therm ally excited plasmas in which turbulent 
fluctuations coexist with persistent coherent struc­
tures. The m acroscopic properties of such a sys­
tem, like the anom alous transport, are to a large 
extent unknow n and a basic question is, for 
example, how far the plasm a behaviour deviates 
from  that o f quasilinear treatm ent in which the 
coherent part is absent. A  first step tow ard an 
understanding of such a highly developed plasma 
state is the stability analysis of the coherent 
nonlinear structure. If successful, such an analysis 
provides inform ation abou t the norm al mode 
spectrum  of the system which replaces the Fourier 
m ode spectrum  in the description o f weak 
turbulence in a hom ogeneous plasma. In the case 
o f electrostatic coherent waves, however, a kinetic 
treatm ent is called for and  the stability analysis is 
rendered intricate due to  the nonlocal kinetic 
character o f the linearized eigenvalue problem. 
R igorous answers concerning stability are as a rule 
lacking as sim plifications and approxim ations 
seem to be indispensable.

A lthough a num ber o f ingredients o f a stability 
theory has been presented in the past for special 
cases, such as the instability of neighbouring 
equilibria [1] or the form ulation  of stability criteria 
based on variational principles [2 -4 ] ,  a stability 
theory as a whole is far from  being established. 
Besides the nonlocal p roperty  of the eigenvalue
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problem , a further reason for the lack of a pro ­
found stability theory is that often distribution 
functions are in use which are in conflict with the 
existence requirem ents o f the equilibrium . A 
typical example are distribution functions which 
are m onotone decreasing functions of the isotropic 
energy -j (m, r 2) + ej(p.

The results derived in the present paper are 
exclusively based on realistic distribution func­
tions.

In Sect. 2 a brief review is given on Vlasov 
equilibria that have been confirm ed experim ental­
ly. In Sect. 3 the linearized eigenvalue problem  is 
derived and the aperiodic nature o f unstable solu­
tions is shown in Sect. 4 generalizing an earlier 
p roof [4]. Finally the spectral operator is analyzed 
in Sect. 5 making use of its representation as a 
differential operator of arb itrary  order.

2. Electrostatic V lasov Equilibria

Electrostatic structures of a two-com ponent 
plasm a are described by the norm alized Vlasov- 
Poisson system

[ t s 3 , +  v • V +  <7s V 0 - 9 i:] / s =  O ,

s = e, i , (1)

Z l0 =  J r f2,> [ / e - / i ] ,  (2)

where the norm alizations

e<p

k T e

v / v ths- > v ,  x / X D ^ x
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and  defin itions

Qs =

a,  = 1 , s = e 

s = i

m J t
m PT,

(3)

are adopted (9 = Te/ T t).
Localized 1 —D  equilibrium  solutions, satisfying

^s/os = 0 ) (4)

0 O (x) = j dvx [/oe (x, vx) - f 0i (x, vx)] , (5)

where

L s — vxQx -\- q s(po(x)Qv> (6)

is the unperturbed Liouville operator, are known 
(see Ref. [5] and the references therein). They con­
stitute the class of symmetric or asymmetric phase- 
space vortices (electron- and ion holes), several 
types o f double layers or hydrodynam ic-like soli- 
tons. For small am plitudes, 1, the electric equi­
librium potentials can be written as

00 (X) | = <

y/sech4 (i//W4x x )  

e-i-holes ,

—  [1 + tanh ([fjv l x x ) \ 1 
4

SEADL, SIADL ,

t//sech2(t//1/2 ;¥;*:) 

soliton ,

(7 a)

(7 b)

(7 c)

where x  is some constant. The associated distribu­
tions are continuous functions in the phase space, 
a requirem ent that is often found to be violated in 
equilibrium  theories. They are of the type

fo$ (Xf vx) =  (2 7T)" 1/2

exp

exp

- U a f o E ^  +  Vos)2 £ ||s> 0

(8)

and are functions of the constants of motion, 
namely the parallel energy £j|s = v \ / 2 - q s(pQ(x) 
(where in the case of ions 0 O is conveniently replaced 
by 0o-  i//) and the sign of the velocity of free

particles, < r= s g n rv. In the asymptotic region,
0o (x) —+0, the distribution (8) becomes a shifted 
Maxwellian in the frame moving with the coherent 
wave and, hence, a Maxwellian in the laboratory 
frame. The drift velocities r 0s are amplitude 
dependent and are typically o f order unity for small 
amplitude waves (t//<^l). They decrease with in­
creasing amplitude. The num ber of particles, 
trapped in the electrostatic potential 0o(x) is repre­
sented by a s; a s o f the characteristic species turns 
out to be negative for holes and the associated 
double layers. Most of these structures have been 
confirmed recently in the laboratories, as sum­
marized in [5]. A synopsis o f localized electrostatic 
structures is given in the Table.

3. The Linearized Eigenvalue Problem

Linear transverse perturbations of these preferred 
equilibria are conveniently described by the ansatz

f s  =  ^os (x, vx, vy) + / ls (x, vx, vy )£>,(ky~ M,) + c.c. , (9)

0 = 0o(x) + 0! (.x ) e l(ky~OJt)+ c . c . ,  (10)

1 _ F  2where ---------- e 1 ; E ± = v y / 2  and k
\ 2 n

are the perpendicular energy and wavenumber, 
respectively.

It is worth noticing that F0s depending now on vx 
and Vy is neither a function of the isotropic energy, 
E  = E\\ + E ±, nor is it monotonically decreasing in E,  
two conditions suggested by the stability criterium 
derived from an energy principle.

By means o f the transform ation [1, 6]

9s ~ / i s  + <7$0i 9e,IcF(0s (ii)

the following linearized set o f equations is ob­
tained for the perturbations:

[ i & s 9 s  ~ Qs r~G s0 t , 
i

(12)

(13)0i = Jd2t’ [ge- g ( \  ,

where cos is the Doppler shifted frequency,

ebs = t s o j -  k v y . (14)

A  is the field operator [6]

A = d i - k 2+ V " ( M ,  (15)
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where K (0O) is the pseudopotential representing 
the equilibrium  and is related to 0o(*) through

<M(at)2/ 2 +  K (0o) = O.

G s, given by

Gc = kv .

CO.
Os >

com m utes with L s:

G c /  ‘ c J—i c G c

(16)

(17)

(18)

A solution o f (12) is obtained by means of the 
m ethod o f characteristic and becomes [7]

Representing a geometrical series, it can be ex­
pressed form ally by

9s  =  Q s G s ^1 ( * ) »  ( 1 9 c >

which is simply the inversion o f (12).
Insertion o f gs into (13) results in the linearized 

eigenvalue problem

K ( x , ( o , k ) f a ( x )  =  0 ,  (24)

where the spectral operator K  can be written as

gs = - i d ) sq sG se l(°^E(x’a)
x  - \ d ) s TE ( x ' , a )

■ J dx'  ------ - 0 , 0 0 ,
Xq Vx (x  5^||s> &)

with

(19a)

K( x ,  co,k)  =  A - W

W =  £  ocs W s ,

(25)

vx (.x , E\\s , a ) : =  a  \ / 2 [ E h  +  q s0 O(/)] (20)

is the parallel particle velocity expressed by the 
constants o f m otion a  and ü V , and

and Ws may assume one of the form s 

W, : =  I d zv G '

te {x , o )  : =  j
dx '

(21)
= t d 2i>Gs £

(1 "I" II—is / CDS)

L i

n = 0 \ i &<■
(26)

is the transient time of the particle over the 
distance | jc — at0 |, where x0 is some reference point 
to be specified for each orbit.

O f course, also (19a) can be used for the definition 
o f W s. The second form  of (26) is called the fluid 
limit [8], assuming in some sense the smallness of

From  (21) follows

Vx&x^E — 1 • (22) icbs ico s

Note that 0 j enters in (19a) nonlocally, which is 
the origin o f the above m entioned difficulties. This 
nonlocal character can be expressed in a different 
way by a differential operator of infinite order. 
Using (22) and

e -ifc)sr£(x', a)

=  J - v A x ' , E l„ e ) d x.e - ' ,ib‘ W - ,’\
OJs

repeated partial integrations in (19a) yield

00 /
/  vx d>

n=0 \  /Ws

(23)

4. The A periodic Nature o f  U nstable Solutions

Extending a p roo f o f Schindler et al. [4] to non­
isotropic distribution functions, non-m onotone in 
the energy, I am showing now that unstable modes 
are aperiodic, i.e. co =  i y  if y > 0 .

For this reason I define the following scalar pro­
ducts, assuming square integrable functions:

9s  Q s G s

) \

— QsG s

( / ,  g): =  { d x d 2v f * g  , 

[ u , v ] : =  |  dxu*v  .

(27 a) 

(27 b)

01 (*)

n = 0 ICO c
01 (*) • (19b)

Note that L s is anti-H erm itian with respect to the 
scalar product (27a), i.e. ( / ,  L sg)  =  -  (Lsf ,  g),  
and that A  is H erm itian with respect to (27b). 
M ultiplication o f (24) by 0* and integration over*  
yields
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[01 ,/I 01 ] = £  a s (0 i
1 + /L s/  co5

- 0 i ,  .(28)

Assuming ca = v + /y , where y > 0 , (28) can be split 
into real and imaginary parts:

[ 0 , , / 1 0 , ]  =  X  ffs 0 b

k i \

1

D ^ + y
(vsD +  y )9 £

D d i (29 a)

1° = I « s ( 0 „ - g 2+))2 ( D -  vs) 9£j|s 

F Os0! ) = H ( v ) ,  (29b)
k i \

where the following abbreviations have been used

1
D  =  v -  —  (k v y +  vXD ) , 

vs = v - k v y /T s ,

(30 a)

(30 b)

and D  represents the H erm itian operator D  =  
( 1 / / ) 9 V. Changing the sign o f vx and vy in (29b) 
and remembering that the scalar product (27a) 
involves a 2-D velocity integration which remains 
unchanged by the transform ation v0s- * - v 0s, one 
gets

H ( v )  =  - H ( - v ) ,  

from  which follows

2 H ( v )  = H ( v )  — H (  — v)

(31)

(32)

Since D ~ v s =  - —  vxD,  the r.h .s. o f (32) becomes 
Ts

H ( v ) - H ( - v )

-  Z —- ( 0 i  ’(vx D d E lu+ k  vy d E )
c

01»
(vx D  d£lt + k  vy d E,) Fos (k vy + v x D )

( i+ iW x i- r + y ' )
01 J ,  

(33)

where [ ± ] : =  v±  t s_1  (kvy +  vx D) .  Since in general 
the scalarproduct in (33) does not vanish, it follows 
from (29b), (32) and (33) that v = 0. Hence unstable 
modes within the class of square integrable 
functions are purely growing. If there is a transition 
from stability to instability by changing a con­
tinuous parameter, it goes through co =  0, i.e. the 
marginal mode is necessarily a neighbouring equi­
librium [1,4].

5. An Evaluation o f the Spectral Operator K

The “ fluid” approach of (26) is now applied to 
get a more explicit form of the spectral operator K  
making use of the smallness of <// and of specific 
equilibrium properties.

From  (26) I define

Ws =  I  w s„,
n =  0

where Wsn is given by 

W,„ =  | d zi’G ' L

(34)

10),
= I

T n
d2v —1- G s 

col

=  i - n \  d 2v [^ 9 x + < ? s 0 6 (* )9 ^ r  G
( tsc0 - k V y f

=  D n d zv n+ 1(rs c j - k v y )

where (17), (18) and D  = (1 / / )  9̂ - have been used. 
Consequently Wsn can be written as

- 1
^os (0o) + ^os [1 + CsZ(Cs)] , (36a)

Q s

W „  =  D n L a s„ J - j r s,
Q s d 0 o

0sl [  + ]2+ y 2 \ - } 2+ y 2 r 1
+ Jf*„ I 1 + —  —  ] ß e 

n dCs

(36 b)

n >  1
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where Q sn and J l %n are defined by (42) one can successively build up by means of (41)
c . n , the higher parallel m om ents. They are o f the form 

^ s „ = J d i> X /o s , (37)
* „ _ -  Vy/ 2  n ~  Vs n  ( 0 o )  4" > (43)

Q sn =  — r  dvy ------------— — , (38)
1 2  71 ( Ts c o - k v y )
1 ' where <psn (0 O) is the .^-dependent part and vanishes

tsoj for 0 o-*O.
a <*s- ~  ~ ^ = -  ‘ The constant part can be written as

In (38) the Landau pole prescription is invoked //0 _  y/ _  ^   ̂^ _ i/2(lv+ r0s)2
assuming an adiabatic  switching on o f the pertur- " sn' ~  sn ~ J Vx v* e
bations. It is easily seen that the perpendicular n
velocity m om ent £?s„ is related to the plasma , r  / / i \  v 1 r . „ _ v _,,2/2
dispersion function Z ( Q :  = 1  ( v ) ] d t’* t’" « '  •

q  _  1 /  ~ 1 \  2 (/i-1)(^ ) a?>1 (39) Since the latter integral vanishes for A7 -  v odd, one
(n — 1)! \ ] / 2 k J  5 ^  gets for n even (n =  2n' )

where Z (n): = — — Z ( 0 -  There thus holds ^ s i n , =  ^  ( )  l’os (1 ,2 ,«  -  v ) (45)
d C  v'=o \ 2 v  /

ß s0= l ,  ß sl = _ z J _ Z ( C s ) , and for n odd (« = 2 « '+  1)
1/2 k

ß s2 = - i y  Z '  (Cs) = - 4 -  [1 + CsZ(Cs)] 
2 k  k z

^ ? 2 , '+ l =  E  ( ^ + ! W + l ( l ;2 ; / I #- v ' ) f (46) 
ve 0 \ 2 v ' + l  /

etc.
The parallel velocity moment can be where ( l ;2 ;m )  =  1 - 3 * 5 . . .  ( 2 m - 1) [Gröbner-

evaluated as follows: H ofreiter, Integraltafel, Springer-Verlag Wien
M ultiplication o f L s/ 0s = 0 with and inte- 1961].

gration yields The first parallel m om ents, dropping henceforth
the constant n L ,  are

d
- n (^ \ ) q s0 o ( x ) ^ s n - 2  (40) n0 — 4^  ^ns o — l ,

and therefore ~ _  r °s ’

A ^ % 2  -  1 +  t’os »
J?s„ =  ( n - \ ) q sJ(sn_ 2 . (41)n v ./) 2 \

d 0 o ^ s3 -  -  I ’Os ( 3  +  t ’ Os) >

For « = 0,1 one has = 3  + 6 t?os + f,0s » • • ■ • (47)

They satisfy
• ŝO ^0s > ^ oo t’Os » (42)

where «0s is the unperturbed x-dependent density 
of species 5, and n s(xv 0s is the corresponding particle _ i ! _  J%n (Vos) =  n Jt ° sn_ x (v0s) , (48)
flux, which is constant in x, i.e. d ^ sl/d 0 o ^ t’os
=  0 in accordance with (41). The quantity  n\» is the 
norm alized asym ptotic density o f untrapped
particles in those region where trapped particles o f which can be derived easily from  the definition (44) 
the sort 5 are absent. It is unity for e- and i-holes of J ^ n. W ith these expressions the spectral opera- 
and deviates from  unity for D L s .  Starting with tor K  becomes
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K  =  d 2x- k 2 +  Z  j - ^ Z H C s )

I >
n = 1

^sn [^sn (ft ^ )^ sn -  2i

+ >4„— QS'„(CS) 
n

(49)

which in the small am plitude case, t//<^l, reduces 
to

K = d l - k 2+  Y ,  o J i - Z ' ( { s)
c ^

/7=1 d r Os

= d 2x- k 2 +  £  a s | i - Z ' ( f s) - D t ’Os

2 k ‘
t ’0s +  ( 1  +  l ’0 s )  - T —-  

2 dCs

2 j 2 k  

z ' ( C s )

(50 a)

Z"(CS)

+ 0(L>3) . (50b)

Hence, A' is given as a differential operator of 
arbitrary  order. Equation  (49) represents the 
expression for arb itrary  equilibrium  am plitudes, 
whereas (50a, b) applies for small am plitude equi­
libria. Several properties of K  can now be derived 
from  (49), (50):

1) K  is generally non-H erm itian w ithin the 
Landau prescription, the lack o f self-adjointness 
being here due to the odd power terms o f D  -  
(1 / / )  0 x . These terms occur in connection with even 
derivatives of the plasm a dispersion function 
which in the case o f purely growing modes, oj =  iy,  
carries an extra factor / noting that

with

Z ( i y s) =  / I 7 ieVs(l - e r f y s)

>. 1 Ts y
Cs = — =  i y s

1 2 k

This result conform s with an earlier statem ent of 
Lewis & Symon [6] saying that the general Herm- 
iticity o f their dispersion matrix D(a>) is lost by the 
analytical continuation of D { oj) involved in the 
L andau prescription, in contrast to the van 
Kampen form of treating the initial value problem  
which preserves the Hermiticity o f D.  We note in 
parenthesis that the dispersion m atrix is a represen­
tation of the spectral operator K  corresponding to 
a particular choice of o rthonorm al basis functions.

2) K  is, however, self-adjoint for nonpropaga­
ting equilibria, implying vanishing particle fluxes. 
For, in this case, v0s = 0, and the coefficients o f 
D 2n+] vanish identically. This is in accord with an 
earlier result o f Berk et al. [9] and others who 
explicitly used the orbit symmetry in the case o f a 
standing wave pattern. O f course, self-adjointness 
is also implied for the restricted class o f symmetric 
(or antisymmetric) square integrable functions. 
The H erm itian property of K  then gives rise to a 
variational theorem  for the norm al mode fre­
quency ajn and implies that if rjn (x)  is an approxi­
m ation of order e to the norm al potential 0] (x), 
then the solution of [//n, ^ / / n] for con will be 
accurate to order e 2 [6, 9].

3) The convergence property of (50) appears to 
be unaffected by the smallness param eter e ~ i / / ’ 2 
(or i//14, see (7)), which is introduced by 9 V, 
assuming that the norm al mode adopts the same 
scale length in x as the equilibrium . The form er 
follows from the fact that D  occurs always in the 
com bination D / k  and e, connected with 9 V, is al­
ways factored out by k,  i.e. it vanishes by rescaling 
k.  Hence the series does not possess an asym ptotic 
character because the smallness param eter is lost.

4) It is an open question whether r}0 {x),  the 
ground state of A,  represents a reasonable ap­
proxim ation to 0\  (x) in the fluid limit, especially if 
one wants to cut the series. A counter example is 
the case of a finite k  neighbouring e-hole equilib­
rium where the calculation o f the bilinear form  
\riQ,Krio\ gives rise to an alternating series with 
rapidly increasing coefficients. The expansion 
param eter |L s/ /& s |is  o f order unity and does not 
provide the desired convergence properties. In the 
case of a k  = 0 neighbouring equilibrium , of 
course, the kinetic limit appears to be more app ro ­
priate.

In summary, investigating the eigenvalue p rob­
lem associated with transverse electrostatic
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